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Tip

This report summaries the paper: GAIN: Missing Data Imputation using Generative Ad-
versarial Nets. Visual illustration of this approach and Experimental Table are attached
to the end of this report.

The paper that I am going to discuss and summarize is called GAIN: Missing Data Imputa-
tion using Generative Adversarial Nets (Yoon, Jordon, and Schaar 2018). There are so many
popular and traditional statistical imputation methods on the market such as MICE (van Bu-
uren and Groothuis-Oudshoorn 2011), MissForest, and Expectation Maximization. However,
nowadays as the computation power becomes accessible and its cost is reduced a lot, the more
complexity algorithms is doable to be realized in imputation area.

This novel approach has two essential components. One is called the generator and the other
is called discriminator. The generator imputes the missing values while the discriminator
tells which values are imputed by the generator. The goal is to maximize the ability of the
discriminator to distinguish and the ability of the generator to fool the discriminator.

The following notations and equations are simplified version of the original paper because
there are too many technique details in the full theoretical analysis. The generator function
is defined as following:

𝑋𝑖𝑚𝑝 = 𝐺(𝑋𝑜𝑟𝑖, 𝑀, (1 − 𝑀)𝑍)
𝑋𝑐𝑜𝑚 = 𝑀𝑋𝑜𝑟𝑖 + (1 − 𝑀)𝑋𝑖𝑚𝑝

where 𝑋𝑜𝑟𝑖 is a d-dimensional original data vector with observed and unobserved data, 𝑀 is
the d-dimensional missing indicator vector that 1 means observed and 0 means unobserved,
and 𝑋𝑖𝑚𝑝 is the d-dimensional imputed vector even for observed components. 𝑍 is a random
d-dimensional vector independent of any 𝑋. 𝑋𝑐𝑜𝑚 is the d-dimensional complete data vector.
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The discriminator function is to distinguish which components of such 𝑋𝑐𝑜𝑚 are truly observed
and which components of them are later imputed by the generator function defined as above.
The goal of such discriminator is to predict the d-dimensional missing vector 𝑀 . The good
aspect is that ground true 𝑀 is known to us, which means this algorithm becomes supervised
learning. This helps a lot on the final accuracy. There is another important input to the
discriminator function. That is called Hint 𝐻 which provides partial information of missing
vector 𝑀 to help discriminator distinguish the observed and imputed components. This d-
dimensional Hint vector is draw from the customized distribution 𝐻|𝑀 as following: 𝐻|𝑀 =
𝐵 ⊙ 𝑀 + 0.5(1 − 𝐵) where

𝐵𝑗 = { 1 if 𝑗 ≠ 𝑘
0 if 𝑗 = 𝑘

for every 𝑗 random sampling 𝑘 from 1 ⋯ 𝑑. The paper has a Theorem and Proposition that
assert if 𝐻 is independent of 𝑀 then generator is unable to learn the true data generating
process. The whole discriminator function is defined as following: 𝐷(𝑋𝑐𝑜𝑚, ℎ). The output
of a discriminator function is a d-dimensional vector and each element of it is the predicted
probability of being observed.

The final object is to first train the discriminator to maximize its ability to distinguish the
observed and imputed components. Then it is to train the generator to minimize the ability
of such discriminator. The object function is defined as following:

min
𝐺

max
𝐷

𝑄(𝐷, 𝐺) = 𝐸𝑄(𝑋𝑜𝑟𝑖),𝑀,𝐻 [𝑀𝑇 log 𝐷(𝐺(𝑋𝑜𝑟𝑖), 𝐻) + (1 − 𝑀)𝑇 log(1 − 𝐷(𝐺(𝑋𝑜𝑟𝑖), 𝐻))]

where 𝑄(𝐷, 𝑄) is the final loss function that takes discriminator and generator as input then
returns a scalar for loss measurement. 1 is a d-dimensional vector of all 1.

Important

This novel approach of imputing missing values is based on the assumption that MDM
is MCAR.

This min max optimization approach is solved by iterative update algorithm (Goodfellow et
al. 2014).

Note

Both generator and discriminator are fully connected neural networks.

The discriminator net is first trained by mini-batch stochastic gradient descent algorithm
as following:

max
𝐷

𝑏𝑎𝑡𝑐ℎ−𝑠𝑖𝑧𝑒
∑
𝑖=1

⎡⎢
⎣

∑
𝑗∶𝐵𝑗=0

(𝑚𝑖𝑗 log(𝐷( ̂𝑥𝑖, 𝑚𝑖)𝑗) + (1 − 𝑚𝑖𝑗) log(1 − 𝐷( ̂𝑥𝑖, 𝑚𝑖)𝑗))⎤⎥
⎦
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The generator net is then trained by mini-batch stochastic gradient descent algorithm
as following:

min
𝐺

𝑏𝑎𝑡𝑐ℎ−𝑠𝑖𝑧𝑒
∑
𝑖=1

⎡⎢
⎣

− ∑
𝑗∶𝐵𝑗=0

(1 − 𝑚𝑖𝑗) log (𝐷( ̂𝑥𝑖, 𝑚𝑖)𝑗) + 𝛼
𝑑

∑
𝑤=1

𝑚𝑖𝑤(𝑥𝑜𝑟𝑖
𝑖𝑤 − 𝑥𝑖𝑚𝑝

𝑖𝑤 )2⎤⎥
⎦

where 𝑏𝑎𝑡𝑐ℎ−𝑠𝑖𝑧𝑒 and 𝛼 are two of hyper parameters. These two nets are trained on 𝑗 ∶ 𝐵𝑗 = 0
because the generator needs to learn information where Hint 𝐻 vector is 0.5 instead of when
𝐻 = 1or0. The term 𝑚𝑖𝑤(𝑥𝑜𝑟𝑖

𝑖𝑤 − 𝑥𝑖𝑚𝑝
𝑖𝑤 )2 ensures that output values of observed components by

generators are as close to the observed values as possible.

This new proposed imputation method is tested and compared against other popular imputa-
tion methods such as MICE, Matrix Completion, MissForest, Auto-Encoder and Expectation-
Maximization(EM) across different dataset. 20% of the full data is removed from each test
dataset to form MCAR. The comparison is repeated 10 times and within each time, 5-fold
cross validation is applied to measure each RMSE and standard deviation. As we can observe,
at least on these 5 selected dataset, GAIN outperforms all other methods in terms of RMSE
and Standard Deviation. This paper also presents that GAIN outperforms other methods on
post imputation prediction. GAIN also shows very good congeniality property when the ordi-
nary logistical regression is applied on the post imputation dataset compared to the complete
dataset.

The experimental table and architecture of GAIN are displayed in the attachment section.

Attachment

The full mini-batch SGD architecture of this apporach

compare GAIN with other methods on imputation performace
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Figure 1: This graph is cited from the original paper

Figure 2: This table is cited from the original paper
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